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Derivatives

| . Recall the following rules for x € R:
® Let a € R be constant. If f(z) = ax, then f'(z) = a

® For differentiable univariate functions v = u(x) and v = v(x), we have
(u-v) =u -v+v - u
2. For a vector input = (z1,...,2,,)" € R™*! use the following derivative

notation and layout conventions for differentiable functions

® For a scalar-valued function f(x), 0f/0x = (0f/0x1,...,0f/0x,,)" has the same

shape as @

® For a vector-valued function f(x) = (fi(x),..., fx(x))", we have
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Examples

L' 2 with

| . Example 1: For a constant vector a € R™*!, consider f(x) = a

input & € R™*!
7 Then:

T

*a=(a,....am)" = (T1,...,Tm)

3. Thus, 0f/0x = (a1,...,am)" = a



Examples

| . Example 1.1: For € R™*! and y € R™*!, consider f(x,y) =x' -y
) Then:

or . of
aw_y? 8y_ y
of 1 of
gxT 7 @—m
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3 See also Section 2.1.



Examples

| . Example 2: For two vector-valued functions u(x) € R**! and v(x) € R**1,

consider f(x) = u(x)" - v(x)

7 Then:
k
f@) = 3wl (=)
* ulx) = (ui(x),...,ur(x)',v(x) = (vi(2),...,ve(x))"

3. Verify that

Z {8% (@) 4 Ovj(z) | _ Ou ov'




Examples

| . Example 3: For & € R™*! | consider the identity function f(x) = x

7 . By definition:
Of " /0x = (0f./0x,...,0f,/0x) = (0x,/0x, ..., 0x,,/0x) = I

* fx)=(fi(z),.. 'afm(m))T = (@1, - amm)T
® I: the m x m identity matrix

® Verify the calculation above.



Examples

| . Example 4: For a constant matrix A € R"*™ and € R™*! | consider f(x) = A-x

D Note that:

al al - x
f@)=| : |-z=
al al - x

® a}: the ith row of A

3 Thus:

of" d(ai - x) d(al - x) o
: - - - n : - - - TL : A
ox ( ox ox (@1,---,@n)

® The second equality follows from Example 1.

® Verify the calculation above.
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Examples

| . Example 5: For a constant matrix A € R™*™ and & € R™*!, consider

flx)=x1-A-x

2. Let u(x) =z and v(z) = A-x, so f(x) =u(x)" -v(x)

3. By Examples 2—4:
AL T

4 . Verity the calculation above.




Examples

| . Example 5.1: For £ € R™*! | consider f(x) =x' - x

9

With A = I, Example 5 gives 0f/0x = 2x
3. Example 5.2: For a constant symmetric matrix A € R™*™ gsatisfying A1 = A

and £ € R™*! consider f(z) =z’ - A - x

4. By Example 5, 0f/0x = 2A - x



Chain rule

dh dg
| . First, consider f(z) = g o h(x) z - > h S : g
®* zeR I
* hiz) eR
* g(h) eR

® Assume the inner and outer functions are differentiable at the relevant points.

2 . The computational graph is shown on the right.
3. By the chain rule:
df dh dg
dz ~ dz dh
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Chain rule

[ . Next, consider f(z) = go h(x) % hi ‘%‘
* h(z) = (hi(x), ho(z))" € R? h

2

f

>

* 4(h) R

® Assume the inner and outer functions are differentiable at the relevant points.

2. The computational graph is shown on the right.

3. By the chain rule:
df _dhy g | dhy  Og
dz ~ dxz 0h, dxz Ohs
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Chain rule

| . More generally, consider f(x) = g o h(x) % h_l ‘%‘
* zeR

* h(z) = (hi(z),...,hp(z))' € R™ h

m

f

>

®* glh) R

® Assume the inner and outer functions are differentiable at the relevant points.

N

. The computational graph is shown on the right.
3. By the chain rule:

dh; g
Z dz

4 See.Section 2.1 for the general;_..cas_e,.,,l..”, e e



Summary

|  Vector differentiation

® Identify input and output shapes; keep the derivative layout consistent

® Decompose into inner products, linear transformations, and other basic operations;

combine known derivative results

2 . The chain rule for composite functions

® Identity dependency paths from input to output

® Multiply local derivatives along each path, then sum the path contributions



